It is well known that an irreducible algebraic curve is rational (i.e. parametric) if and only if its genus is zero. In this paper, given a tolerance ǫ > 0 and an ǫ-irreducible algebraic affine plane curve C of proper degree d, we introduce the notion of ǫ-rationality, and we provide an algorithm to parametrize approximately affine ǫ-rational plane curves, without exact singularities at infinity, by means of linear systems of (d − 2)-degree curves. The algorithm outputs a rational parametrization of a rational curve C of degree at most d which has the same points at infinity as C. Moreover, although we do not provide a theoretical analysis, our empirical analysis shows that C and C are close in practice.
Introduction
Let O * be an algebraic or geometric object that satisfies a property P that implies the existence of certain associated objects O In [17] and [18] the approximate parametrization problem is solved for the special case of affine plane curves and affine surfaces being a perturbation of a monomial curve and surface, respectively. In both papers, the basic tool is the use of ǫ-points (see also [19] ). More precisely, given a tolerance ǫ > 0, in [17] , the parametrization problem is solved for the case of affine plane curves having an ǫ-singularity of maximum multiplicity, and in [18] the problem is solved for affine surfaces having also an ǫ-singularity of maximum multiplicity. The basic idea was to use a pencil of lines through the ǫ-singularity and, hence, it was solved working as in the exact case for monomial varieties.
In this paper, we generalize the ideas in [17] to the case of affine plane curves without singularities at infinity. For this purpose, the first obstacle is to associate suitably the different ǫ-singularities. This leads to the notion of cluster. Then, we introduce the notion of (affine) ǫ-rationality, and we provide an algorithm to parametrize approximately ǫ-rational curves without exact singularities at infinity. The idea of the algorithm is to work with linear systems of curves of degree d − 2, where d is the degree of the input curve. This system plays the role of the linear system of adjoint curves in the exact parametrization algorithm. In addition, we prove that the degree of the output rational curve is bounded by the degree of the input one, and that both curves have the same points at infinity. Differently to [17] we do not provide a theoretical analysis of the error (i.e. on the closeness of input and output). However, our empirical analysis shows that the curves are in practice near, and it allows us to think about a theoretical treatment of this fact as a future project.
The paper is structured as follows. In Section 1 we recall the main notions and properties on ǫ-singularities. Section 2 is devoted to recall the main ideas of the exact parametrization algorithm for curves. In Section 3 we develop the idea of cluster and we introduce the notion of ǫ-rationality. In Section 4 we derive the approximate algorithm, as well as the main properties of the output curve. In Section 5 we illustrate the algorithm by some example, and in Section 6 we analyze empirically the error.
Throughout this paper, we use the following terminology. · and · 2 denote the polynomial ∞-norm and the usual unitary norm in In addition, we use the following general assumptions. A tolerance ǫ is fixed such that 0 < ǫ < 1. C is an affine real plane algebraic curve over C of proper degree d > 0 (see Def. 1.1), without (exact) singularities at infinity, not passing through (1 : 0 : 0), (0 : 1 : 0), and defined by an ǫ-irreducible polynomial f (x, y) ∈ R[x, y] ; that is f can not be expressed as f (x, y) = g(x, y)h(x, y) + E(x, y) where h, g, E ∈ C[x, y] and E(x, y) < ǫ f (x, y) (see [4] , [14] ). We denote by C h the projective closure of C. Let us mention that, although we require that C is real, the results in this paper are also valid for non-real plane algebraic curves. In addition, the condition (1 : 0 : 0), (0 : 1 : 0) ∈ C h can be avoided by performing a suitable affine orthogonal linear change of coordinates. The requirement on the smoothness of C h at infinity, might be avoided by performing a suitable projective linear change of coordinates. However, differently to affine orthogonal linear changes, in general, projective changes of coordinates do not preserve properly the closeness between the input and output curves.
We say that an algebraic plane curve has proper degree ℓ if its defining polynomial has proper degree ℓ.
The notion of ǫ-point is as follows.
Definition 1.2. P ∈ C
2 is an ǫ-(affine) point of C if |f (P )| < ǫ f .
In this situation, we introduce the notion of ǫ-singularity, pure ǫ-singularity, and ǫ-ramification point. Definition 1.3. Let P ∈ C 2 be an ǫ-point of C.
(i) The ǫ-multiplicity of P on C (we denote it by mult ǫ (P, C)) is the smallest natural number r ∈ N satisfying that (ii) P is an ǫ-(affine) simple point of C if mult ǫ (P, C) = 1; otherwise, P is an ǫ-(affine) singularity of C.
(iii) P is a k-pure ǫ-singularity of C, with k ∈ {1, 2}, if mult ǫ (P, C) > 1 and |f
(iv) P is an ǫ-(affine) ramification point of C if mult ǫ (P, C) = 1, and either |f
Note that, since C has proper degree, 0 ≤ mult(P, C) ≤ mult ǫ (P, C) ≤ deg(C), where mult(P, C) denotes the "exact" multiplicity of P on C. For instance, the origin has exact multiplicity 1, and ǫ-multiplicity 2, on the curve defined by ǫ 2
x + x 3 + y 2 . In the exact case, if C is irreducible, mult(P, C) < deg(C). Thus one may expect that in the approximate case, if C is ǫ-irreducible, then mult ǫ (P, C) < deg(C). Although this is the case in all the examples we have tried, we have not been able to prove it. So in this paper, when computing ǫ-multiplicities, we also consider the possibility mult ǫ (P, C) = deg(C).
The following lemma is a direct generalization of Lemma 3 in [17] . Lemma 1.4. Let P ∈ C 2 be an ǫ-point of C. There exists δ > 0 such that every Q ∈ C 2 , satisfying that P − Q 2 < δ, is an ǫ-point of C with mult ǫ (Q, C) ≥ mult ǫ (P, C). Proof. Simply observe that the reasoning of Lemma 3 in [17] is also valid over C.
The following example shows that, in Lemma 1.4, the ǫ-multiplicity of Q can be strictly bigger than mult ǫ (P, C).
; note that f = 1. For P = (0, 0), one has
So, mult ǫ (P, C) = 1. Now, we consider the sequence of points
So, for n sufficiently large, mult ǫ (P n , C) = 3. Definition 1.6. Let P be an ǫ-point of C and r = mult ǫ (P, C). If P is k-pure, with k ∈ {1, 2}, we define the k-weight of P as
We define the weight of P , denoted by weight(P ), as max{weight 1 (P ), weight 2 ((P )}, if P is pure in both directions, and as the corresponding k-weight otherwise.
The following two rational functions were introduced in [22] , and will play an important role in this development:
Furthermore, these two rational functions give information on how close an ǫ-point is to an exact point of the curve C (see Theorem 2 and Corollary 3 in [19] ).
Preliminaries on Symbolic Parametrization
In this section, we briefly recall the symbolic parametrization algorithm for rational plane algebraic curves of degree d > 2 (note that lines and conics can be trivially parametrized by lines) based on (d − 2) adjoint curves; for further details see [24] . For this purpose, throughout this section we assume that C is rational (i.e. its genus is zero). In addition, taking into account our requirements in Section 4 and for simplicity sake, we assume in this section that all singularities are affine and ordinary. Again, for a complete description see [24] .
The idea is to use a linear system of curves such that for almost every curve in this system, all its intersections with C h , except one, are predetermined; recall that C h is the projective closure of C. Moreover, the set of all these intersection points is the same one for every curve in the system, and the points in this set are called the "base points". Thus, if one computes the intersection points of C h with a generic representative of the system, the expression of the unknown intersection point gives the parametrization of the curve in terms of the parameter defining the linear system. More precisely, let H d−2 be the linear system of adjoint curves to C h of degree d − 2. That is, H d−2 is the linear system of curves of degree d −2 having each r-fold of C h as a base point of multiplicity r −1; i.e. as a point of multiplicity at least r −1. In particular it implies that the multiplicity of intersection of a curve in H d−2 and C h at a base point of multiplicity r − 1 is at least r(r − 1). Thus, using that the genus of C is zero, and taking into account Bézout's Theorem, one deduces that d − 2 intersections of C h and a generic element in H d−2 are not predetermined. In this situation, one may take (d − 3) simple points on C h , and determine the 1-dimensional linear subsystem H * d−2 of H d−2 obtained when these simple points are required to be base points of multiplicity 1. In this way, the number of predetermined intersections (counted with multiplicity) is
.e. only one intersection point is missing. Thus, computing this free intersection one finds a rational parametrization of C h . Summarizing these ideas one has the following process:
(1) Compute the singularities of C h as well as their multiplicities (recall that we have assumed that all singularities are affine and ordinary). Let us make a comment on how to computationally perform the steps in the above process.
Step (1) can be performed, for instance, using resultants. In Step (2), one considers a homogeneous polynomial H(x, y, z) of degree (d − 2) with undetermined coefficients. Now, for each singular point P of multiplicity r one requires that H and all its partial derivatives till order (r −1) vanish at P . This generates a linear system of equations in the undetermined coefficients of H. Solving it, and substituting in H, we get the defining polynomial of H d−2 ; let us call it again H. Step (3) may be performed by intersecting C h with lines (see [24] for advanced approaches); although it is not necessary, looking for the parallelism with the reasoning in Section 4, we take affine simple points.
Step (4) can be approached as Step (2) Step (3) . Then, the free intersection point is obtained by computing the primitive part, w.r.t. t, of the resultants of H * (t, x, y, 1) and f (x, y) with respect to x and y, respectively. Indeed, it holds that (see [20] )
where deg x (M 1 ) = deg y (M 2 ) = 1. Therefore, the parametrization is the solution in {x, y} of {M 1 (x, t) = 0, M 2 (y, t) = 0}.
ǫ-Rational Curves
In this section we introduce the notion of ǫ-rationality of a plane algebraic curve. This notion plays the corresponding role in the approximate frame that the rationality does for exact algebraic curves. We will have two main difficulties. On one hand, computing the ǫ-multiplicity and on the other, differently to the exact case, we will have in general more ǫ-singularities than expected, and we will need to associate them; we will solve this last difficulty introducing a suitable concept of cluster.
We first need to determine the ǫ-singularities. To check the existence and perform the actual computation of the ǫ-singularities, one has to solve the system of algebraic equations {f
under fixed precision ǫ f . This can be done, for instance, by applying root finding techniques (see [3] , [11] , [13] ). Note that since f is ǫ-irreducible then it is irreducible, and hence the above system has finitely many solutions. Let S 1 be the set of solutions. One may accelerate the computation by working (if possible) with two co-prime polynomials, instead of three, to get a finite super-set of the set of solutions, from where the ǫ-singularities are detected afterwards. Now, for P ∈ S 1 , we want to compute mult ǫ (P, C). This can be obviously done by substituting P at the corresponding partial derivatives and checking the conditions in Def. 1.3 (1) . Seemingly, there is no difficulty on that. However, in Lemma 1.4, we have seen that for each ǫ-point P of ǫ-multiplicity r there exists an open disk U centered at P such that if Q ∈ U, then Q is an ǫ-point of ǫ-multiplicity at least r. So, an small perturbation of P may produce an incorrect answer for the ǫ-multiplicity; see, for instance, Example 1.5. We are indeed interested in assigning the maximum possible ǫ-multiplicity to the ǫ-point. The proof of Lemma 3 in [17] , and hence of Lemma 1.4, shows how to detect the radius of one of these open disks, so one may try to estimate the maximum ǫ-multiplicity at the disk. Nevertheless, in practice, this is unfeasible. Instead, we propose a different strategy that, although it does not ensure the achievement of the maximum, in practical examples turns to work efficiently.
More precisely, for each k ∈ {2, . . . , d − 1}, we take − → u 1 , . . . , − → u s ∈ N 2 , with 2 ≤ s ≤ k + 1 (in practice s = 2) such that for all i, | − → u i | = k and gcd(f Then, for k ∈ {2, . . . , d − 1} we consider the set (note that S 1 is defined above)
If for a given k and for all s it holds that gcd(f
us ) = 1, we take S k = ∅. Finally we consider the set
It is clear that in general we introduce additional ǫ-singularities, and we will have to generate a process (the cluster construction) to identify them. Nevertheless, each new ǫ-singularity, after identification, will increase the ǫ-multiplicity of the original one. 
Moreover, mult ǫ (P 1 ) = · · · = mult ǫ (P 7 ) = 2 but mult ǫ (P 8 ) = 3. Note that considering only S 1 we would have not found a point with ǫ-multiplicity 3.
As we could check in the previous example, the difficulty appears when observing that we may have two (in general more than two) ǫ-singularities P and Q that are very "close", and somehow we need to identify them. To approach this, we introduce the notion of cluster of ǫ-singularities. Intuitively, two ǫ-singularities P and Q of C are in the same cluster, if the disks centered at P and Q (of certain radius) are a small vibration of each other. The radius and the vibration are measured by means of the value of the function R out at the weight and the tolerance, respectively (see Section 1). Since the notion of weight requires that the ǫ-singularities are pure, for non-pure ǫ-singularities we will take radius zero. More precisely, we introduce the following definition.
Definition 3.3. Let P be an ǫ-point of C. We define its radius, and we denote it by radius(P ), as R out (weight(P )) if P is pure and zero otherwise.
Definition 3.4. Let A be a finite set of ǫ-points of C. For P ∈ A we define the cluster of P w.r.t. A as the set of all points Q ∈ A such that at least one of the following conditions is verified:
We say that R is a candidate to be the representative of a cluster, if R is a point of the cluster of maximum ǫ-multiplicity. We say that R is a representative of a cluster if it is a candidate and |f (R)| ≤ |f (Q)| for all the other candidates Q. We define the ǫ-multiplicity of the cluster as the ǫ-multiplicity of any of its representatives.
We denote a cluster by Cluster r (R, A), where r is the ǫ-multiplicity and R a representative, and by Cluster r (R) when A = Sing ǫ (C). Now, we are ready to introduce the notion of ǫ-rationality.
Remark 3.6. Note that in the previous theoretical development we have not considered singularities (neither ǫ-singularities) at infinity. We leave this extension of the concept of ǫ-rationality for further research.
If we apply the previous ideas to Example 3.2 (see also Example 1.5), with ǫ = 0.001 we get that the 8 points of Sing ǫ (C) belong to the same cluster. So, the cluster decomposition is {Cluster 3 (P 8 ) = {P 1 , . . . , P 8 }}. Therefore, C is ǫ-rational; indeed, it is ǫ-monomial, and thus parametrizable with the techniques in [17] . We finish the section with a more general example. f (x, y) = −2.199771784x 2 − 0.2197717843x 4 y − 0.9016804979x 3 y 2 + 1.858817427x 3 − 1.891680498y 4 +0.9899999999xy 3 +0.9899999999x 2 y−1.055726141x 2 y 3 +0.3409543568y 2 + 0.9899999999x 4 +0.9899999999xy 4 +0.9899999999y 3 −0.1869087137x 5 +5.235497925xy 2 − 1.770497925x 2 y 2 + 1.45213693x 3 y − 0.1440456432xy − 0.52786307y 5 + 0.01.
The ǫ-singular locus is Sing ǫ (C) = S 1 ∪ S 2 ∪ S 3 , where
Moreover, mult ǫ (P 1 ) = mult ǫ (P 2 ) = mult ǫ (P 7 ) = 2, and mult ǫ (P 3 ) = mult ǫ (P 4 ) = mult ǫ (P 5 ) = mult ǫ (P 6 ) = mult ǫ (P 8 ) = 3. Furthermore, the cluster decomposition is (see Fig. 1 ):
Thus, C is ǫ-rational. 
Approximate Parametrization Algorithm
In this section, we present our approximate parametrization algorithm. For this purpose, we assume that C is ǫ-rational of proper degree d > 2 (note that for d = 1 the problem is trivial, and for d = 2 one can apply the algorithm in [17] ), and that
is the cluster decomposition of Sing ǫ (C). Furthermore, if possible, i.e. when there exists a real representative of the cluster, we take Q i real.
In this situation, we adapt the algorithm in Section 2 as follows. Let C h be the projective closure of C. We consider the linear system of curves
given by the divisor s i=1 r i Q i . That is, Q i is a base point of (exact) multiplicity r i − 1 of the linear system. Afterwards, one computes (d − 3) ǫ-simple affine points on C h (see below for details), and determines the linear subsystem H * d−2 of H d−2 obtained by intersecting H d−2 with the linear system of (d − 2)-degree curves generated by the divisor
. If P i , Q j would be exact points and singularities, respectively, of C h , then dim(H * d−2 ) = 1 (see Chap. 4 in [24] ). However, in our case, since we are working with ǫ-points we can only ensure that dim(H * d−2 ) ≥ 1 (see Theorem 2.56 in [24] ). If this dimension is strictly bigger than 1, we can either take more ǫ-simple points till dimension 1 is reached, or we can take an small perturbation of the ǫ-points such that the effective divisor
i=1 P i is in general position (see page 49 in [24] ), and hence the dimension is 1. So, we can assume w.
At this point, if P i , Q j would be exact points and singularities, respectively, of C, the symbolic algorithm presented in Section 2 would output the parametrization P(t) = (
), where
However, in our case, P i , Q j are not exact points, but ǫ-points. So these rational functions are not, in general, polynomials. Nevertheless, considering if necessary a small perturbation of H d−2 , the quotient of the division of each numerator by its denominator is linear as polynomial in either x or y. Then, the idea is to determine the parametrization from these linear quotients. For this purpose, we will consider (if necessary) two perturbations, both affecting H d−2 . The first one will ensure that the degree in the resultants is the expected one, namely d(d − 2). The second will guarantee that the output is indeed a parametrization; i.e. that not both components are constants. Note that, in the exact case, these two facts are provided by the theory.
More precisely, let H * d−2 (t, x, y, z) = H 1 (x, y, z) + t H 2 (x, y, z), and let D i be the projective curve defined by H i , i = 1, 2. We recall that (1 : 0 : 0), (0 : 1 : 0) ∈ C h . Now, we need to ensure that either C h , D 1 or C h , D 2 do not have common points at infinity. If this is not the case, let {R 1 , . . . , R m } be the points of C at infinity and
, where ρ i are parameters. Then, we consider in C 2 the union L of the affine lines defined by H 2 (R i ) + K(ρ 1 , ρ 2 , R i ) = 0, for i = 1, . . . , m. Note that, since R i are points at infinity, the polynomials
are not constant, and hence define lines. So, taking values for ρ 1 , ρ 2 (say, small real numbers) we consider an small perturbation that ensures that the above requirement is satisfied.
Thus, in what follows we assume that D 2 and C h do not have common points at infinity. Therefore, if F is the homogenization of f , by Lemma 3.1 in [1] , one has that
Moreover, since H * d−2 and C h do not have common points at infinity, it holds that
Now, we consider the polynomials
Since C is ǫ-rational, it holds that
Let B 1 (x, t) := q 1 (t)x−p 1 (t) be the quotient of S 1 (x, t) := Res y (H * d−2 (t, x, y, 1), f (x, y)) and A 1 (x). Similarly let B 2 (y, t) := q 2 (t)x − p 2 (t) be the quotient of S 2 (y, t) := Res x (H * d−2 (t, x, y, 1), f (x, y)) and A 2 (y). Then, we output
as approximate parametrization of C.
Intuitively one sees that, in practice, P(t) will be always a parametrization. In order to prove this claim, we repeat the reasoning but introducing a new perturbation of H * d−2 . More precisely, let ∆ = (δ 1 , . . . , δ 6 ) be a family of perturbing parameters and let
If d = 3 we take ∆ = (δ 1 , δ 2 , δ 3 ) and G = δ 1 y + δ 2 z + δ 3 x. Observe also that in [17] , Lemma 1, it is proved that for ǫ-monomial curves, and hence for d = 3, P(t) is always a parametrization. Then we consider H * * (∆, t, x, y, z) = H * d−2 (t, x, y, z) + G(∆, x, y, z); that is H * * (∆, t, x, y, z) = H 1 (x, y, z) + tH 2 (x, y, z) + G(∆, x, y, z).
Note that we are perturbing H 1 and hence H 2 keeps the required conditions on the point at infinity of C.
In this situation, repeating the above process with H * * and F , instead of with
and F , we introduce S We start with some lemmas. 
. By hypothesis F (1, 0, 0) = 0, F (0, 1, 0) = 0. So, the leading coefficient of F w.r.t. y is a non-zero constant; similarly w.r.t. x. Thus, by well known properties on resultants (see, e.g. Lemma 4.3.1. in [25] ), it holds that up to multiplication by a non-zero element in C:
where (S
Moreover, let F (x, y, 0) factor as
Since F (0, 1, 0) = 0 then α i = 0 for all i. Hence, up to multiplication by non-zero constants
Res y (H * * (∆, t, x, y, 0),
So, up to multiplication by non-zero constants
The equality follows from the last equality in the proof of Lemma 4.1, and using that H 2 (α i , β i , 0) = 0 for all i. 
By Lemma 4.1, we know how the roots of D(∆, t) ∈ C(∆) [t] are. Now for each root t 0 of D (say that t 0 is defined by P := (a :
Let D(t 0 ) be the projective curve defined by H * * (∆, t 0 , x, y, z) over the algebraic closure F of C(∆). Then, D(t 0 ) and C h intersect at infinity at an additional point different from P , or the multiplicity of intersection of both curves at P is at least two. We analyze each case. But first we introduce some additional notation. We express F, H 1 , and H 2 as
where f j , h i,j are homogeneous of degree d−j and (d−2)−j, respectively. Moreover, we denote by F x , H Let us assume that Q ∈ D(t 0 ), with Q = (n : m : 0) = P . This is equivalent to
where
Observe that h 2,0 (Q) = 0, h 2,0 (P ) = 0. Let us see that all C i , i > 0, can not vanish simultaneously. Let C 1 = C 3 = C 5 = C 6 = 0. We assume that a = 0. If a = 0 then b = 0, and the reasoning is similar. From C 3 = 0 one has that n = 0. So
which is a contradiction. Therefore, if V 1 is the hyperplane in C 6 defined by δ 1 C 1 + δ 3 C 3 + δ 5 C 5 + δ 6 C 6 = C 0 , for all ∆ 0 in C 6 \ V 1 this case does not happen. Let us assume that the multiplicity of intersection of D(t 0 ) and C h at P is at least two. Since C h does not have singularities at infinity, this implies that both curves have the same tangent at P . This is equivalent to demand
By hypothesis ab = 0. So, by Euler's formula and taking into account that P is at infinity, the condition is equivalent to
That is equivalent to
Let us see that C i , i > 0, cannot vanish simultaneously. Let C 1 = · · · = C 6 = 0. Since h 2,0 (P ) = 0, and ab = 0, one has that
Note that f 1 (P ) = 0, since otherwise it would imply that F z (P ) = 0 and using that F x (P ) = f x 0 (P ) = 0 and that (by Euler's formula) F y (P ) = 0, one would deduce that P is a singularity of C h which is excluded by hypothesis. So, the first and second equalities imply that h x 2,0 (P ) = 0 and this yields to (using the last equality) h 2,0 (P ) = 0 which is a contradiction. Therefore, out of the hyperplane defined in C 6 by
For each point of C at infinity we generate the hyperplanes described above and corresponding to each one of the two cases. Let V be the union of all of them, and let Ω 1 = C 6 \ V . Repeating the same reasoning with B ∆ 2 (note that G is symmetric in terms of x and y), we get Ω 2 . Finally, let Ω = Ω 1 ∩ Ω 2 . Now, the next theorem follows directly. 
is a rational parametrization of a rational curve of degree at most d.
Proof. Taking Ω as in Lemma 4.3, we ensure that P ∆ (∆ 0 , t) is a rational parametrization. By Lemmas 4.1 and 4.2 we get that the degree of the curve is at most d. , and hence it is generated by the effective (exact) divisor
if we identify (as usual) C
2 with R 4 and we consider the perturbing parameters δ i as real variables, it holds that for each Q i (similarly of P i ) there exists ρ(Q i ) > 0 such that for almost every element (Q * i , ∆ 0 ) in the open Euclidean disk of R 10 , of center (Q i , 0) and radius ρ(Q i ), P(∆ 0 , t) is a parametrization and Q * i is an ǫ-point of ǫ-multiplicity (at least) r i of the curves defined by H 1 (x, y, z) + G(∆ 0 , x, y, z) and H 2 (x, y, z) (recall that H * * = H 1 +G+tH 2 ); i.e. of the generating curves of H * * ∆ . This can be seen by applying Theorem 4.4, taking δ i small enough to ensure that H 1 = H 1 + G(∆ 0 , x, y, z) , and noting that if M is any of the derivatives of H 1 +G and H 2 involved in the ǫ-multiplicity, then M 2 2 is a continuous function that vanishes at (Q i , 0).
Finally, and before outlining the algorithm, we briefly describe how to proceed with the selection and computation of the (affine simple) ǫ-points P i . We first observe that, in general, an ǫ-point can be computed by solving {f (x, y) = 0, αx + βy = ρ}, where α, β, ρ ∈ C, under fixed precision ǫ f . However, we are intersected in working with either real ǫ-points or pairs of conjugate complex points. We can always compute all points, but at most one, in pairs of conjugate complex points. For choosing real points one can always analyze the roots of the discriminant of f (see Theorem 7.7 in [24] ). On the other hand we have observed, in our examples, that taking (when possible) the simple ǫ-points as (affine) ǫ-ramification points (see Def. 1.3) the error distance between the original curve and the output curve decreases. So we tend to use first such points. Finally, one has to take care of the fact that a chosen ǫ-point can be too close (i.e. in the same cluster) to an ǫ-singularity or to a previously computed ǫ-point, and hence identifiable with it. To avoid this, whenever a new simple ǫ-point is computed we check whether it belongs to the cluster of the others points.
The above process provides the following approximate parametrization algorithm for deciding whether a real ǫ-irreducible (with proper degree) plane algebraic curve C is ǫ-rational, and in the affirmative case, compute an approximate parametrization. Recall that we assume that C does not have exact singularities at infinity, and that (0 : 1 : 0), (1 : 0 : 0) / ∈ C h . If this last condition fails, one may consider an affine orthogonal change of coordinates to achieve the requirement.
Approximate Parametrization Algorithm
• Given a tolerance ǫ > 0 and an ǫ-irreducible polynomial f (x, y) ∈ R[x, y], of proper degree d > 2 (for d = 1 it is trivial, if d = 2 apply [17] ), without exact singularities at infinity, not passing through (0 : 1 : 0), (1 : 0 : 0), and defining a real plane algebraic curve C; let F (x, y, z) be the homogenization of f .
• Decide whether C is ǫ-rational and in the affirmative case
• Compute a rational parametrization P(t) of a curve C close to C.
(1) Compute the cluster decomposition {Cluster r i (Q i )} i=1,...,s of Sing ǫ (C); say Q i = (q i,1 : q i,2 : 1).
, RETURN "C is not (affine) ǫ-rational". If s = 1 one may apply the algorithm in [17] . ǫ-ramification points, complete with simple ǫ-point. Take the points over R, or as conjugate complex points. After each point computation check that it is not in the cluster of the others (including the clusters of Q i ); if this fails take a new one. Say P i = (p i,1 : p i,2 : 1).
, where ρ 1 , ρ 2 are real and strictly smaller than ǫ. Say that gcd(F (x, y, 0), H 2 (x, y, 0)) = 1; similarly in the other case.
(11) For i = 1, 2 compute the quotient B i of S i by A i w.r.t. either x or y.
(12) If the content of B 1 w.r.t x or the content of B 2 w.r.t. y does depend on t, take {δ 1 , . . . , δ 6 } as small real numbers (strictly smaller than ǫ) and go to Step 8.
(13) Determine the root p 1 (t) of B 1 as a polynomial in x and the root p 2 (t) of B 2 as a polynomial in y.
The next theorem states the main properties of the curve output by the algorithm. But first, we need the following technical lemma. Lemma 4.6. Let L be the algebraic closure of C(t), and C 1 , C 2 two plane projective curves over L with defining polynomials
Proof. If z divides K, then z divides W G 2 , and by (2) z divides W . So let us assume that z does not divides K, and let us denote by G 0 i the polynomial G i (x, y, 0); similarly with 
Theorem 4.7. The rational curve C, output by the algorithm, and C have the same points at infinity, and deg(C) ≤ deg(C).
where n 4 ≥ 1, or there exist polynomials
In this situation, using C ∞ ⊂ P H (C), we first observe that Card(C ∞ ) is less or equal to the number of different roots of q 2 (t) and, by Lemma 4.1, this number is less or equal to Card(C ∞ ). So, Card(C ∞ ) ≤ Card(C ∞ ). Now, we prove that C ∞ ⊂ C ∞ , from where one concludes the proof. Let P = (x 0 : y 0 : 0) ∈ C ∞ , and let t 0 be the root of q 2 generated by P (see Lemma 4.1). So,
Applying the corresponding equality above, and using that n 4 ≥ 1, we get
Moreover, since (1 : 0 : 0), (0 : 1 : 0) ∈ C h then x 0 y 0 = 0, and hence A
Displaying Examples.
In this section we present several examples (the degrees are 5,6,7) to illustrate the algorithm. These examples have been computed in Maple.
Example 5.1. Let ǫ = 0.01 and C the curve of proper degree 5 defined by the polynomial (see Fig.3 ):
f (x, y) = 0.006521014507x 4 + 0.006521014507x 3 y 2 − 0.3174429862x 3 + 0.006521014507x 4 y + 0.03536521618y 4 + 0.008903520149x 2 y 3 − 0.1541837293y 3 − 0.3561209555x 2 − 0.2351465855y 2 + 0.01517989182xy 4 + 0.006177658243y 5 + 0.006521014507x 5 − 0.6503293396xy + 0.006521014507x 3 y − 0.6965951291xy 2 + 0.1751383118x 2 y 2 + 0.1487535027xy 3 − 1.x 2 y + 0.0000658688334.
First we compute the ǫ-singularities of C, obtaining the ǫ-singular locus Sing ǫ (C) = S 1 ∪ S 2 ∪ S 3 : Moreover, the cluster decomposition of the singular locus is (see Fig. 2 , Left):
We observe that C is ǫ-rational. Following
Step 4 in the algorithm we obtain two ǫ-ramification points, namely P 1 = (3.437938023, 4.260660564), P 2 = (7.712891931, 1.573609575). We note that these points are not in the cluster of each other and they are not in the clusters of the cluster decomposition of the singular locus (see Fig. 2 , Right).
Finally, the algorithm outputs the parametrization P(t) = (
) where (see Fig.  3 to compare the input and the output curves): We note that the algorithm did no require perturbing H * * d−2 . Example 5.2. Let ǫ = 0.004 and C the curve of proper degree 6 defined by the polynomial (see Fig.5 ): We get the ǫ-singular locus Sing ǫ (C) = S 1 ∪ S 2 ∪ S 3 where The singular cluster decomposition is (see Fig. 4 , Left): We observe that C is ǫ-rational. In Step 4 we obtain three ǫ-ramification points: P 1 = (−1.330235522, 0.9268173641), P 2 = (−1.979908167, 0.02661222172), and P 3 = (−2.700785807, −0.07757312293). We note that these points are not in the cluster of each other and they are not in the clusters of the ǫ-singularities (see Fig. 4 , Right). The algorithm outputs the parametrization P(t) = (
) where (see Fig. 5 to compare the input and the output curves): We note that the algorithm did no require perturbing H * * d−2 . Example 5.3. Let us consider ǫ = 0.001 and the curve C of proper degree 7 defined by the polynomial (see Fig.6 ):
f (x, y) = 0.005242164122x + 0.0000006109092905 + 0.4234041949y − 0.05219720755xy 4 − 0.1626221914x 3 y 2 − 0.006150324474x 5 y 2 − 0.009115378696y 3 + 0.01468749412x 3 − 0.1726592957y 4 − 0.005178781717x 5 + 0.0006102983812y 6 + 0.7056394692y 2 + 0.007271579029x 4 − 0.009049345878x 3 y 4 + 0.02810421594y 5 + 0.01517536020x 4 y 3 − 0.03335531981xy 3 + 0.07030423460x 3 y 3 + 0.9999999999xy 2 + 0.02396026447x 5 y + 0.06359239287x 2 y 3 + 0.0006102983812xy 5 + 0.06037915453x 4 y − 0.05961614786x 4 y 2 + 0.1735938027x 2 y 2 + 0.009673386920xy − 0.1183998159x 3 y − 0.3997312415x 2 y − 0.01504641433x 2 y 4 − 0.0002034043985x 7 + 0.0007152781730x 6 y + 0.009647777670xy 6 − 0.01996027092x 2 − 0.001858780227x 6 − 0.008636725103x 2 y 5 − 0.002554427076y 7 .
The ǫ-singular locus is Sing ǫ (C) = S 1 ∪ S 2 ∪ S 3 where The cluster decomposition of the singular locus is (see Fig. 4 , Left): We observe that C is ǫ-rational. Now, we obtain four ǫ-ramification points: P 1 = (−2.972405737, −7.933174980), P 2 = (23.79950366, 17.84891277), P 3 = (−10.06218879, 1.300686562) and P 4 = (24.47385001, 17.37936091). We note that these points are not in the cluster of each other and they are not in the clusters of the ǫ-singularities. Finally, the algorithm outputs a parametrization (for space limitation we do not include it here). In Fig. 6 we plot the input and the input curve. 
Empirical Analysis of Error
The aim of this section is to analyze empirically the performance of the algorithm proposed. A good performance would mean to obtain an output curve C close to the input curve C and by close we mean that C is contained in the offset region of C at a small distance and viceversa (see [17] ). To estimate the distance, between the curves C and C, we designed the next method (see Fig. 7 , Left):
1. We randomly generate a set E of (affine) ǫ-points on the input curve C as follows. Fix real numbers a, b, and take n random integer values α i ∈ [a, b], i = 1, . . . , n. Let E 1 be the set of intersection points of the curve C with the lines x = α i . We also take n random integer values β i ∈ [a, b] and we intersect the curve C with the lines y = α i to obtain the set of points E 2 . We set E = E 1 ∪ E 2 .
2. Let r be a positive integer and Θ r = { kπ r | k = 1, . . . , r}. For each ǫ-point P in E and each θ ∈ Θ r let L P,θ be the line through P in the direction of (cos(θ), sin(θ)).
Until now we have empirically measured the distance in the examples used in paper. We describe next a different experiment. We randomly generate a set of curves and for each curve we estimate its distance to the output curve given by our algorithm. Our experiments are satisfactory and allow us to think about a theoretical treatment of this fact as a future project. We explain next how the family of curves was constructed. We fix three points P 1 = (2 : 0 : 1),P 2 = (0 : 0 : 1) and P 3 = (1 : 1 : 1) in P 2 (C). We consider the linear system of curves of degree 4 defined by the divisor 2P 
For j = 1, . . . , 6 and i = 1, . . . , 10 let r ij be a random integer number in the interval [0, 100]. We obtain 60 different polynomials G ij (x, y, z), j = 1, . . . , 6, i = 1, . . . , 10 setting
in equation (2) . Given i ∈ {1, . . . , 6} and j ∈ {1, . . . , 10} we obtain a random perturbation g ij (x, y) ∈ R[x, y] of G ij (x, y, 1) as follows g ij (x, y) = G ij (x, y, 1) + ǫ r 1 100 (x + y) + ǫ 2 r 2 100 (x 2 + xy + y 2 ) + ǫ 3 r 3 100 (x 3 + x 2 y + xy 2 + y 3 )
where r 1 , r 2 , r 3 are integer numbers taken randomly in the interval [0, 100] and ǫ = 0.01. The polynomials g ij (x, y), j = 1, . . . , 6, i = 1, . . . , 10 have proper degree 4 and define 60 curves C ij verifying (1 : 0 : 0), (0 : 1 : 0) / ∈ C h ij and without (exact) singularities at infinity. Using our algorithm we conclude that 28 of the 60 curves are ǫ-rational. We show those curves in Fig. 7 , Right. The implicit equation of the curve C 11 is equation (1) .
With the notation used in the method described above to compute the experimental distance, we take [a, b] = [−100, 100] and n = 15 so that the number of points used to compute the distance is expected to be | E |= 120. Set the number of lines going through each point equal r = 10. We compute µ,ρ and I µ,ρ = [µ − 1.96 ρ, µ + 1.96 ρ] for each one of the 28 ǫ-rational curves to obtain the next table. 
